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THE CONJUGATES OF ALGEBRAIC SCHEMES
FENG-WEN AN
Abstract. Fixed an algebraic scheme Y . We suggest a definition
for the conjugate of an algebraic scheme X over Y in an evident
manner; then X is said to be Galois closed over Y if X has a
unique conjugate over Y . Now let X and Y both be integral and
let X be Galois closed over Y by a surjective morphism φ of finite
type. Then φ♯(k(Y )) is a subfield of k(X) by φ. The main theorem
of this paper says that k (X) /φ♯(k (Y )) is a Galois extension and
the Galois group Gal
(
k(X)/φ♯(k (Y ))
)
is isomorphic to the group
of k−automorphisms of X over Y if k (X) /φ♯(k(Y )) is separably
generated.
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2 FENG-WEN AN
Introduction
0.1. Background and Motivation. Let us begin with Weil’s notion[9],
the conjugate Xσ of a classical variety X defined over an algebraic ex-
tension of a field k, where σ is a given k−automorphism of k. X and
Xσ behaving like conjugates of a field, are almost of the same algebraic
properties; however, their topological properties are very different from
each other in general.
For example, if k is a number field, Serre shows us an example[8]
that Xan and (Xσ)an can not be topologically equivalent spaces, where
Xan denotes the analytical space associated with X . There can be the
relation pitop1 (X) ≇ pi
top
1 (X
σ) for a variety X and a σ ∈ Autk
(
k
)
. By a
theorem[3] of Grothendieck, the profinite completions of their topologi-
cal fundamental groups are equal, that is, pialg1 (X)
∼= pialg1 (Xσ) . It has
been still unknown why there exists such a phenomenon at least to the
author’s knowledge.
On the other hand, there have been various discussions[4−7] which use
the relevant data of varieties to describe class field theory, especially
use fundamental groups to describe nonabelian theory in recent years.
In this paper we will extend in an obvious manner the conjugate of
a classical variety to a more general case, the conjugate of an algebraic
scheme. Then an algebraic scheme is said to be Galois closed if it has a
unique conjugate. We try to use these relevant data of such schemes to
obtain some information of a Galois extension of a field. With Galois
closed schemes, we believe that in the future we can obtain a unified
picture of the theory of abelian and nonabelian class fields.
0.2. Main Theorem of the Paper, An Introduction. Given two
integral algebraic schemes X/Y over a fixed field k. An algebraic
k−scheme X ′ is said to be a conjugate of X over Y if there exists
a k−isomorphism from X onto X ′ over Y , and then X is said to be
Galois closed over Y if there exists one and only one conjugate of X
over Y . (See §1 for detail).
Assume that φ : X → Y is a morphism of finite type. Denote by
Autk (X/Y )
the group of k−automorphisms of X over Y . Let φ♯(k(Y )) be the
subfield of k(X) induced from φ with Galois group
Gal(k (X) /φ♯(k(Y ))).
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Here k(X) denotes the field of rational functions on X . Now we are
ready to relate the main theorem of the present paper. (See §2 for
detail).
Theorem 2.1. (Main Theorem). Let X and Y be two integral
k−varieties. Suppose that X is Galois k−closed over Y by a surjective
morphism φ of finite type.
Then k (X) is a Galois extension of φ♯(k(Y )) and there is a group
isomorphism
Autk (X/Y ) ∼= Gal(k (X) /φ♯(k(Y )))
if k (X) /φ♯(k(Y )) is separably generated.
We will prove Theorem 2.1 in §3. From Theorem 2.1 it is seen that
Galois closed schemes behave like Galois extensions of fields, where the
groups of automorphism can be regarded as the Galois groups of the
extensions.
For example, take a number field Q (ξ). Let ξ′ be a Q−conjugate of ξ.
It is seen that Spec (Q (ξ′)) is a conjugate of Spec (Q (ξ)). Moreover,
let Q (ξ) /Q be a Galois extension. Then Spec (Q (ξ)) has a unique
conjugate, and hence is Galois closed, where the Galois group is exactly
the group of automorphisms.
We try to use the data of irreducible k−varieties X/Y to describe a
given Galois extension E/F . We say that X/Y are a model for E/F
if the Galois group Gal (E/F ) is isomorphic to the group of automor-
phisms of X over Y .
The theorem above shows us some evidence that there can exist a
nice relationship between a Galois closed scheme and a Galois extension
of a field especially concerned with the nonabelian theory of class fields.
0.3. Outline of the Proof for the Main Theorem. The whole of
§3 will devote to prove the main theorem of the present paper after we
make definitions and fix notation in §§1-2.
Here our approach to the proof will be established upon a full analysis
on affine open subsets of a given scheme with a preferable favor of
differential topology.
In §3.1 we will define conjugations of a given field. For a field ex-
tension, the notion “complete” is exactly the counterpart to the notion
“normal” for an algebraic extension; the “conjugation” of a field is
exactly the counterpart to “conjugate” of a field for an algebraic ex-
tension. Some results are proved by using the theory of specializations
in a scheme[1].
In §3.2 we will define conjugations of an open subset of a given
scheme in an evident manner. An open subset of a scheme is said to
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have a complete set of conjugations if its conjugations all can be affinely
realized in the scheme. In deed, the definition here is the geometric
counterpart to the algebraic one in §3.1.
Then we will establish a relationship between the conjugations of a
fixed field and the conjugations of an open subset of a given scheme.
So the discussions on fields and schemes are parallel.
In §3.3 we will prove that any finitely separably generated extension
is a Galois extension if and only it is complete, which is equivalent
to say that it contains its conjugations all. This is very similar to an
algebraic extension. Here, Weil’s theory of specializations[9] serves to
prove the theorem.
To gain such results for schemes, we will be required to obtain fur-
ther properties for affine open sets in a given scheme. Thus in §3.4
we will discuss affine structures on a scheme. Here there are no new
essential results and the discussion on affine structures is just some
interpretation of that in [2]. As usual, a scheme is a ringed space cov-
ered by a family of affine schemes. By an affine covering of a scheme
we understand such a family of affine schemes. Each affine covering
of a scheme determines a unique affine structure on the scheme. In
general, a scheme can have many affine structures on it; a given affine
structure on a scheme can be contained in many schemes, i.e., distinct
structure sheaves on the same underlying space, and such schemes are
all isomorphic to each other. However, for a Galois closed scheme, all
affine structures on it are contained in a unique scheme. This is one of
the key points to prove the main theorem of the paper.
Together with these preparations, in §3.5 we will prove that each
affine open subset has a complete set of conjugations in integral al-
gebraic schemes which are Galois closed. It follows that the fields of
rational functions of such Galois closed schemes are Galois extensions
under surjective structure morphisms if the extensions are separably
generated. This gives a part of the proof for the main theorem of the
paper.
Finally in §3.6 we will complete the proof for the main theorem of
the paper. By isomorphisms of schemes, we will construct a homo-
morphism t between the group of automorphisms of the Galois closed
schemes and the Galois group of the fields of rational functions on these
schemes. It well-known that there exists a bijection from the set of ho-
momorphisms of algebras onto the set of morphisms of their spectra.
Then it is easily seen that the homomorphism t is injective. We will
show any element of the Galois group determines local isomorphisms
on affine open subsets of the scheme. All such local isomorphisms will
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patch an automorphism of the whole of the scheme. This proves that
the homomorphism t is surjective.
As the conclusion of this subsection, it should be noticed that affine
open subset sets in schemes work very well for the ramified extensions
of the fields of the rational functions on the schemes while the points
in the schemes may be good for unramified extensions if one use the
data of schemes to describe the theory class fields.
Convention. By a k−variety we will understand a scheme of fi-
nite type over Spec (k). We will follow throughout the terminology
of Grothendieck’s EGA, except when otherwise specified.
Acknowledgment. The author would like to express his sincere grat-
itude to Professor Li Banghe for his invaluable advice and instructions
on algebraic geometry and topology.
1. Definition for Galois Closed Schemes
The notion of the conjugates of a k−variety is a generalization from
the classical affine varieties to algebraic schemes. Roughly speaking,
the conjugates of a k−variety behave as the conjugates of a field, and
a Galois closed k−variety behaves as a Galois extension of a field.
1.1. Galois Closed Schemes. Fixed a field k and a k−variety S. Let
X and Y be two k−varieties over S by morphisms f and g respectively.
Then X and Y are jointly of finite type over S if there is an affine
open covering {Wα} of S satisfying the conditions:
(i) Both f−1 (Wa) and g
−1 (Wα) are finite unions of affine open sets
Uαi and Vαj, respectively.
(ii) Both OX (Uαi) and OY (Vαj) are algebras of finite types over
OS (Wa).
It is immediate that two schemes are jointly of finite type over a fixed
scheme if and only if they are both of finite types over it respectively.
Let K/k be an extension and let X and Y be of finite type over
S. If there is a K−isomorphism σ : X → Y over S, then Y is a
K−conjugate of X over S, and σ is a K−transformation of X onto
Y over S . If X = Y , σ is a K−automorphism of X over S. Put
ConjK (X/S) = {K − conjugates of X over S};
AutK (X/S) = {K − automorphisms of X over S}.
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Definition 1.1. A k−variety X over S is said to beGalois K−closed
over S if the identity (X,OX) = (Y,OY ) holds for any K−conjugate
Y of X over S.
Remark 1.2. There exists a nice relationship between Galois closed
schemes and Galois extensions of fields. Let X be a Galois k−closed
scheme over a k−variety S. Then X/S can be intuitively regarded as
“a Galois extension of the field” with “Galois group” Autk (X/S) .
For example, Spec
(
Q
(√
2
))
is Galois Q−closed over Spec (Q) with
a group isomorphism
AutQ
(
Spec
(
Q
(√
2
))) ∼= Gal (Q(√2) /Q) .
It is immediate that Spec
(
Q
(
3
√
2
))
is not GaloisQ−closed over Spec(Q)
since Q
(
3
√
2
)
is not a Galois extension.
1.2. Galois Closures. By a Galois K−closure of a k−variety X
over S, denoted by X
K
, we understand a Galois K−closed k−variety
over X which is a closed subscheme of any other Galois K−closed
k−variety over X .
It is immediate that X is Galois K−closed over S if and only if there
is X = X
K
.
There are some approaches to find a concrete Galois closure X
K
of
a k−variety X . The finite group actions[3] can afford us such a closure.
Here are some preliminary facts. Let X/S be k−varieties such that
Conjk (X/S) is a finite set. Then there is a k−variety Y which is
Galois k−closed over S with X a closed subscheme of Y , and there is
dimX
k
= dimX if dimX <∞. Hence, any Artinian k−variety X has
a Galois k−closure Xk over S.
2. Statement of The Main Theorem
In the following we will relate the main result of the paper. It shows
us some evidence that there exists a nice relationship between a Galois
closed scheme and a Galois extension of a field especially concerned
with the nonabelian theory of class fields.
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2.1. Notation. Let D be an integral domain. Denote by Fr(D) the
field of fractions on D. Given an extension E of a field F with Galois
group Gal(E/F ). Recall that E/F is a Galois extension if F is the
invariant subfield in E for the Galois group Gal(E/F ). Here E/F is
not necessarily an algebraic extension.
Let X/Y be two irreducible k−varieties with morphism φ : X → Y .
Denote by Autk(X/Y ) the group of k−automorphisms of X over Y .
Let ξ be the generic point of X . Then φ♯(OY,φ(ξ)) ⊆ OX,ξ is a subring.
Define
k(X) = Fr(OX,ξ)
and
φ♯(k(Y )) = Fr(φ♯(OY,φ(ξ))).
2.2. Statement of the Main Theorem. Here is the main theorem
of the present paper.
Theorem 2.1. (Main Theorem). Let X and Y be two integral
k−varieties. Suppose that X is Galois k−closed over Y by a surjective
morphism φ of finite type.
Then k (X) is a Galois extension of φ♯(k(Y )) and there is a group
isomorphism
Autk (X/Y ) ∼= Gal(k (X) /φ♯(k(Y )))
if k (X) /φ♯(k(Y )) is separably generated.
We will prove Theorem 2.1 in §3.
Remark 2.2. Theorem 2.1 affords us some certain information of the
Galois extension of a field in terms of data of the groups of the rational
automorphisms of schemes.
We attempt to use the data of schemes X/Y to describe the field
extension E/F , especially the (nonabelian) Galois group Gal(E/F ).
In particular, two irreducible k−varieties X/Y are a k−model of the
field extension E/F if there is a group isomorphism
Gal (E/F ) ∼= Autk (X/Y )
by a surjective morphism f : X → Y .
We believe that in virtue of such data relating to schemes we can
obtain a unified picture of Galois extensions of fields from algebraic
ones to transcendental ones and from abelian ones to nonabelian ones,
where there exists the Galois correspondence and class fields which are
represented by affine open subsets of the schemes.
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3. Proof of the Main Theorem
In the following we will proceed in several subsections to prove the
main theorem of the paper.
3.1. Definition for Conjugations of a Field. Denote by Fr (D) the
fractional field of an integral domain D. Let K/k be a field extension.
Definition 3.1. K is said to be k−complete (or complete over k)
if every irreducible polynomial f(X) ∈ F [X ] which has a root in K
factors completely in K [X ] into linear factors for any intermediate
field k ⊆ F ⊆ K.
Let D′/D be integral domains. D′ is said to be D−complete (or
complete over D) if Fr (D′) is Fr (D)−complete.
Given a finitely generated extension E/k. The elements
w1, w2, · · · , wn ∈ E
are said to be a (r, n)−nice k−basis of E (or simply, a nice k−basis)
if the following conditions are satisfied:
E is generated by w1, w2, · · · , wn ∈ E over k;
w1, w2, · · · , wr constitute a transcendental basis of E over k;
wr+1, wr+2, · · · , wn are linearly independent over k(w1, w2, · · · , wr).
Here 0 ≤ r ≤ n.
Definition 3.2. Let E and F be finitely generated extensions of a given
field k. F is said to be a k−conjugation of E (or a conjugation of
E over k) if F is contained in the algebraic closure of E and there is
a (r, n)−nice k−basis w1, w2, · · · , wn of E such that F is a conjugate
of E over the k(w1, w2, · · · , wr).
3.2. Definition for Conjugations of an Open Set. The discussion
in this subsection (cf Definition 3.5 below) is a counterpart to that
in §3.1 (cf Definition 3.2 above). We will extend the context of the
conjugation from a field to an open set in a scheme.
Let us recall some preliminary facts about specializations in a scheme
which are useful for us to study integral schemes.
Given a scheme X and two points x, y ∈ X . Then y is said to be a
specialization of x in X , denoted by x→ y in X , if y is contained in
the (topological) closure of the set {x} (See [1] for detail).
Let x be a point in an affine scheme Spec(A). Denote by jx the
prime ideal of the ring A corresponding to the point x.
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Lemma 3.3. Let X be an integral scheme. Take any x, y ∈ X such
that x→ y in X. Then there is a canonical ring monomorphism
ix,y : OX,y → OX,x.
Proof. As x → y holds in X , there is an affine open subset U of X
containing x and y from Lemma 1.8[1]. Put U = Spec (A) and we have
x → y in U ; then jx ⊆ jy holds in the ring A. Let S = A r jy and
T = Ar jx. As S ⊆ T , there is a canonical homomorphism
ρT,SA : S
−1A→ T−1A
of the fractional rings. It is seen that ρT,SA is injective. As S
−1A ∼= OX,y
and T−1A ∼= OX,x hold, we obtain the canonical ring monomorphism
ix,y : OX,y → OX,x
factored by ρT,SA . 
The length of the specialization x → y in X , denoted by l(x, y), is
defined to be the supremum among the integers n such that there exist
a chain of specializations
x0 = x→ x1 → x2 → · · · → xn = y
in X (See [1] for detail).
Proposition 3.4. Let X be an irreducible scheme of finite dimension.
Then each morphism σ : X −→ X has a fixed point in X. In particular,
the generic point of X is an invariant point of any surjective morphism
δ of X onto X.
Proof. We have l (X) = dimX from Remark 2.3[1], where l(X) is the
length of the space X that is defined to be the supremum of the lengths
of specializations in X . Let ξ be the generic point of X .
For any x ∈ X , there is ξ → x in X . Then we have σ (ξ) → σ (x)
in X by Proposition 1.3[1] which says that every morphism of schemes
preserves the specializations. In particular, we choose x = ξ and then
obtain a chain of the specializations
ξ → σ (ξ)→ σ2 (ξ)→ · · · → σn (ξ)→ · · ·
in X .
We must have σn (ξ) = σn+1 (ξ) for some n ∈ N since l (X) < ∞.
This proves σ (σn (ξ)) = σn (ξ).
For any x ∈ X we have δ(ξ) → δ(x) since any morphism preserves
specilazations[1]. As δ is surjective, we have some x0 ∈ X such that
ξ = δ(x0); then δ(ξ) → δ(x0), and hence ξ → δ(ξ) → δ(x0) = ξ holds.
This proves δ(ξ) = ξ. 
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Consider an integral scheme X . Let x ∈ X and let ξ be the generic
point of X . From Lemma 3.3 we have the canonical embeddings
Fr(OX(U)) ⊆ Fr(OX,x) = OX,ξ = k(ξ) = k (X)
for every open set U of X containing x.
Now Let X and Y be integral k−varieties, and let ϕ : X → Y be a
morphism of finite type. Fixed a point y ∈ ϕ(X) and an affine open
subset V ⊆ of Y with V ∩ ϕ(X) 6= ∅. For any affine open subset
U ⊆ ϕ−1(V ) of X , the restriction
ϕ |U : (U,OX |U) −→ (V,OY |V )
is a morphism of the open subschemes; it follows that
ϕ♯(OY (V )) ⊆ OX(U)
is a subalgebra. This leads us to obtain the following definitions.
Let U1, U2 ⊆ ϕ−1(V ) be open sets in X . Assume that Fr(OX(U1))
is a conjugation of Fr(OX(U2)) over Fr(ϕ♯(OY (V ))). Then U1 is said
to be a V−conjugation of U2, and Fr(OX(U1)) is said to be affinely
realized in X by U1.
Let x, x′ ∈ ϕ−1 (y) be two points in X . Suppose that Fr (OX,x′) is a
conjugation of Fr (OX,x) over ϕ♯(Fr (OY,y)). Then x′ ∈ ϕ−1 (x) is said
to be a y−conjugation of x, and the conjugation Fr (OX,x′) is said to
be affinely realized in X by x′.
Definition 3.5. An open set U ⊆ ϕ−1(V ) in X is said to have a
complete set of V−conjugations in X if each conjugation in k(X)
of Fr(OX(U)) over Fr(ϕ♯(OY (V ))) can be affinely realized by an open
set in X. If k (X) is replaced by k (X), such a complete set is said to
be absolutely complete.
A point x ∈ ϕ−1 (y) in X is said to have a complete set of
y−conjugations in X if each conjugation in k(X) of Fr (OX,x) over
ϕ♯(Fr (OY,y)) can be affinely realized by a point in X. If k (X) is re-
placed by k (X), such a complete set is said to be absolutely complete.
3.3. Conjugations and Galois Extensions. We have the following
result for conjugations of fields.
Theorem 3.6. Let K/k be a finitely generated extension. The follow-
ing statements are equivalent.
(i) K is a complete field over k.
(ii) Fixed any x ∈ K and any subfield k ⊆ kx ⊆ K. Then each
kx−conjugation in K of kx (x) is contained in K.
(iii) Each k−conjugation in K of K is contained in K.
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Proof. (i) =⇒ (ii) . Let x ∈ K and k ⊆ kx ⊆ K. If x is a varible over
kx, kx (x) is the unique k−conjugation in K of kx (x) . If x is algebraic
over kx, a kx−conjugation of kx (x) which is exactly a kx−conjugate
of kx (x) is contained in K by the assumption that K is k−complete;
then all kx−conjugates in K of kx (x) is contained in K.
(ii) =⇒ (iii) . Hypothesize that there is a k−conjugation H ⊆ K
of K is not contained in K, that is, H \K is a nonempty set. Take any
x ∈ H \ K, and put σ (x) ∈ K, where σ : H → K is an isomorphism
over k.
From (ii) it is seen that k (x) ∈ H ⊆ K that is a k−conjugation in K
of k (σ (x)) is in contained in K. In particular, x belongs to K, where
we will obtain a contradiction. This proves that every k−conjugation
in K of K is in K.
(ii) =⇒ (i) . Let F be a field such that k ⊆ F ⊆ K, and let f (X)
be an irreducible polynomial over F. Suppose that x ∈ K satisfies the
equation f (x) = 0. As an F−conjugation is an F−conjugate, from (ii)
it is seen that every conjugate z ∈ F of x over F is contained in K;
then K is complete over k.
(iii) =⇒ (ii) . Take any x ∈ K and any field F such that k ⊆ F ⊆
K. If x is a varible over F, F (x) is the unique F−conjugation in K of
F (x) itself, and hence F (x) is contained in K.
Now suppose that x is algebraic over F. In the following we will prove
that each F−conjugates in K of x is contained in K.
Let z ∈ K be an F−conjugate of x, and let
σx : F (x)→ F (z) , x 7−→ z
be the isomorphism over F .
If F = K, we have σx = idK ; then z = x ∈ K. From now on, we
suppose F 6= K.
Assume that v1, v2, · · · , vm are a (s,m)−nice F (x)−basis of K. As
v1 is a varible over F (x) , by the F−isomorphism σx we obtain an
isomorphism σ1 of F (x, v1) onto F (z, v1) defined in an evident manner
that
σ1 :
f(v1)
g(v1)
7→ σx(f)(v1)
σx(g)(v1)
for any polynomials
f [X ], g[X ] ∈ F (x) [X ]
with g[X ] 6= 0.
It is easily seen that g(v1) = 0 if and only if σx(g)(v1) = 0. Hence,
σ1 is well-defined.
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Similarly, for the varibles v1, v2, · · · , vs over F (x) , there is a field
isomorphism
σs : F (x, v1, v2, · · · , vs) −→ F (z, v1, v2, · · · , vs)
defined by
x 7−→ z and vi 7−→ vi
for every 1 ≤ i ≤ s. We have the restrictions
σi+1|F (x,v1,v2,··· ,vi) = σi
for 1 ≤ i ≤ s− 1.
Consider vs+1.We have an isomorphism σs+1 of F (x, v1, v2, · · · , vs+1)
onto F (z, v1, v2, · · · , vs+1) defined by
x 7−→ z and vi 7−→ vi
for every 1 ≤ i ≤ s+ 1.
Prove that σs+1 is well-defined. That is, we prove that f (vs+1) = 0
holds if and only if σs (f) (vs+1) = 0 holds for any polynomial f (Xs+1) ∈
F (x, v1, v2, · · · , vs) [Xs+1] .
It reduces to prove the following claim.
Claim. Given any f (X,X1, X2, · · · , Xs+1) contained in the
polynomial ring F [X,X1, X2, · · · , Xs+1] . Then f (x, v1, v2, · · · , vs+1) =
0 holds if and only if f (z, v1, v2, · · · , vs+1) = 0 holds.
We use Weil’s algebraic theory of specializations[9] to prove the above
claim. By Proposition 1 (Page 3 of [9]) it is seen that F (x) and
F (v1, v2, · · · , vs+1) are independent over F since x is assumed to be
algebraic over F. From Weil’s definition for specializations it is clear
that (z) is a (generic) specialization of (x) over F . Then it follows that
(z) is a specialization of (x) over the field F (v1, v2, · · · , vs+1) in virtue
of Theorem 4 (Page 29 of [9]). This proves “only if” in the claim.
As x and z are conjugates over F, it is seen that “if” in the claim is
true if we substitute z for x.
In such a manner we have a field isomorphism
σm : F (x, v1, v2, · · · , vm) −→ F (z, v1, v2, · · · , vm)
defined by
x 7−→ z and vi 7−→ vi
for every 1 ≤ i ≤ m.
Then F (z, v1, v2, · · · , vm) is a conjugation ofK = F (x, v1, v2, · · · , vm)
over F . From the assumption (iii) , we have F (z, v1, v2, · · · , vm) ⊆ K.
This proves z ∈ K. 
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3.4. Preliminaries: k−Affine Structures. For the convenience of
context, let us recall some preliminary results on affine structures on an
algebraic k−scheme in order to obtain some further properties for Ga-
lois closed schemes. Here the discussion about affine structures is just
a word-by-word interpretation of that in [2] by substituting k−algebras
for rings, and there are no new essential results in this section.
By definition, a scheme (X,OX) is a locally ringed space that can
be covered by a family {(Uα, φα)}α∈∆ of affine schemes. That is, for
each α ∈ ∆ there is an isomorphism φα : Uα ∼= SpecAα with {Uα}α∈∆
an open covering of X and Aα a commutative ring of identity. We say
that {(Uα, φα)}α∈∆ is an affine covering of (X,OX). It is easily seen
that a scheme can have many affine coverings.
An affine covering {Uα, φα}α∈∆ of (X,OX) is said to be reduced if
Uα 6= Uβ holds for any α 6= β in ∆. We will denote by (X,OX ;AX) a
scheme (X,OX) together with a given reduced affine covering AX .
Let (X,OX) and (Y,OY ) be two schemes with reduced affine cover-
ings AX and AY respectively. Then we say (X,OX ;AX) = (Y,OY ;AY )
if and only if the following conditions are satisfied:
(i) As schemes we have (X,OX) = (Y,OY ).
(ii) There is a reduced affine covering A of (X,OX) such that AX
and AY are both subsets of A.
In the following we will give the further discussion on affine coverings.
From the discussion below it is easily seen that an affine covering of a
scheme determines a unique affine structure on it.
Let Comm/k be the category of finitely generated algebras (with
identities) over a given field k.
Definition 3.7. A pseudogroup of k−affine transformations,
denoted by Γ, is a set of isomorphisms of k−algebras satisfying the
conditions (i)-(v):
(i) Each σ ∈ Γ is a k−isomorphism of k−algebras from dom (σ) onto
rang (σ) contained in Comm/k.
(ii) If σ ∈ Γ, the inverse σ−1 is contained in Γ.
(iii) The identity map idA on A is contained in Γ for any k−algebras
A ∈ Comm/k if there is some δ ∈ Γ with dom (δ) = A.
(iv) If σ ∈ Γ, the k−isomorphism induced by σ defined on the local-
ization dom (σ)f at any f ∈ dom (σ) is contained in Γ.
(v) Let σ, δ ∈ Γ. The k−isomorphism factorized by dom (τ) from
dom (σ)f onto rang (δ)g is contained in Γ if τ ∈ Γ holds and there
are k−isomorphisms dom (τ) ∼= dom (σ)f and dom (τ) ∼= rang (δ)g for
some f ∈ dom (σ) and g ∈ rang (δ) .
14 FENG-WEN AN
Let X be a topological space, and Γ a pseudogroup of k−affine trans-
formations.
Definition 3.8. A k−affine Γ−atlas A (X,Γ) on X is a collection
of pairs (Uj , ϕj) , called k−affine charts, satisfying the conditions
(i)-(iii):
(i) For every (Uj, ϕj) ∈ A (X,Γ) , Uj is an open subset of X and ϕj
is an homeomorphism of Uj onto Spec (Aj) , where Aj is a k−algebra
contained in Γ.
(ii)
⋃
Uj is an open covering of X.
(iii) Given any (Ui, ϕi) , (Uj , ϕj) ∈ A (X,Γ) with Ui ∩ Uj 6= ∅.
There exists (Wij, ϕij) ∈ A (X,Γ) such that Wij ⊆ Ui ∩ Uj, and the
k−isomorphism from the localization (Aj)fj onto the localization (Ai)fi
which is induced by the restriction
ϕj ◦ ϕ−1i |Wij : ϕi(Wij)→ ϕj(Wij)
is contained in Γ. Here Ai and Aj are k−algebras contained in Γ
such that ϕi (Ui) = SpecAi and ϕj (Uj) = SpecAj hold and there are
homeomorphisms ϕi (Wij) ∼= Spec (Ai)fi and ϕj (Wij) ∼= Spec (Aj)fj
for some fi ∈ Ai and fj ∈ Aj .
A k−affine Γ−atlas A (X,Γ) on X is said to be complete (or max-
imal) if it can not be contained properly in any other k−affine Γ−atlas
of X.
Definition 3.9. Two k−affine Γ−atlases A and A′ on X are said to
be Γ−compatible if the following condition is satisfied:
Given any (U, ϕ) ∈ A and (U ′, ϕ′) ∈ A′ with U ∩ U ′ 6= ∅. There
exists a k−affine chart (W,ϕ′′) ∈ A⋂A′ such that W ⊆ U ∩ U ′, and
the k−isomorphism from the localization Af onto the localization (A′)f ′
induced by the restriction ϕ′◦ϕ−1 |W is contained in Γ, where A and A′
are k−algebras contained in Γ such that ϕ (U) = SpecA and ϕ′ (U ′) =
SpecA′ hold, and there are homeomorphisms ϕ (W ) ∼= SpecAf and
ϕ′ (W ) ∼= Spec (A′)f ′ for some f ∈ A and f ′ ∈ A′.
Let X be a topological space. By a k−affine Γ−structure on
X we understand a complete k−affine Γ−atlas A (Γ) on X for some
pseudogroup Γ of k−affine transformations.
Fixed a pseudogroup Γ of k−affine transformations. By Zorn’s Lemma
it is seen that for any given k−affine Γ−atlas A on X there is a unique
complete k−affine Γ−atlas Am on X such that
(i) A ⊆ Am;
(ii) A and Am are Γ−compatible.
THE CONJUGATES OF ALGEBRAIC SCHEMES 15
Here A is said to be a base for Am and Am is the complete k−affine
Γ−atlas determined by A.
Definition 3.10. Given a k−affine Γ−structure A (Γ) on the space
X. Assume that there exists a locally ringed space (X,F) such that for
each (Uα, ϕα) ∈ A (Γ) there is ϕα∗F |Uα (SpecAα) = Aα, where Aα is
a k−algebra contained in Γ with ϕα (Uα) = SpecAα.
Then A (Γ) is said to be an admissible k−affine structure on X,
and (X,F) is an extension of the k−affine Γ−structure A (Γ) .
Remark 3.11. All extensions of an admissible affine structure on a
topological space are schemes which are isomorphic with each other[2].
Now take an algebraic k−scheme (X,OX) with a fixed affine covering
CX .
Denote by Γ0 (respectively, Γ
max) the union of the set of some (re-
spectively, all) identities of k−algebras idAα : Aα → Aα and the set
of some (respectively, all) isomorphisms of k−algebras σαβ : (Aα)fα →
(Aβ)fβ , satisfying the conditions (i)− (ii):
(i) Each Aα, Aβ, Aγ ∈ Comm are k−algebras such that there are
affine open subsets Uα, Uβ, and Uγ ⊆ Uα ∩ Uβ of X with identities
ϕα (Uα) = SpecAα, ϕβ (Uβ) = SpecAβ, and ϕγ (Uγ) = SpecAγ.
(ii) Each σαβ : (Aα)fα → (Aβ)fβ is induced from the homeomor-
phism ϕα ◦ ϕ−1β |Uγ : ϕβ(Uγ) → ϕα(Uγ) of spaces such that ϕα (Uγ) ∼=
Spec (Aα)fα and ϕβ (Uγ)
∼= Spec (Aβ)fβ hold for some fα ∈ Aα and
fβ ∈ Aβ.
Then the pseudogroup generated by Γ0 in Comm/k, which is defined
to be the smallest pseudogroup containing Γ0 in Comm/k, is called a
pseudogroup of k−affine transformations in (X,OX) (relative to
the given affine covering).
In particular, the pseudogroup generated by Γmax in Comm/k is
called the maximal pseudogroup of k−affine transformations
in (X,OX) (relative to the given affine covering).
Definition 3.12. Let Γ be a pseudogroup of k−affine transformations
in an algebraic k−scheme (X,OX). Define
A∗ (Γ) = {(Uα, ϕα) : ϕα (Uα) = SpecAα and Aα ∈ Γ}
where each Uα is an affine open subset in the scheme X.
If A∗ (Γ) is a k−affine Γ−atlas on the underlying space X, then Γ
is said to be a canonical pseudogroup of k−affine transforma-
tions in (X,OX), and A∗ (Γ) is called a k−affine atlas in (X,OX).
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Definition 3.13. Let Γ be a canonical pseudogroup of k−affine trans-
formations in an algebraic k−scheme (X,OX), and let A be a k−affine
Γ−atlas on the underlying space X.
(i) A is said to be a canonical k−affine structure in (X,OX) if
A∗ (Γ) is a base for A.
(ii) A is said to be a relative canonical k−affine structure in
(X,OX) if A is maximal among all the k−affine Γ−atlases in (X,OX)
which contain A∗ (Γ) and are Γ−compatible with A∗ (Γ).
It is seen that the relative canonical k−affine structure is well-defined.
In deed, the k−affine Γ−atlases in (X,OX) which are Γ−compatible
with A∗ (Γ) are all are Γ−compatible with each other. The converse is
true if they are assumed to contain A∗ (Γ).
Fixed such a canonical pseudogroup Γ in (X,OX). By Zorn’s Lemma
it is easily seen that such a canonical affine Γ−structure in (X,OX)
is unique. However, there can be many canonical affine structure in
(X,OX) when Γ varies.
(X,OX) is said to have a unique (respectively, relative) canonical
k−affine structure if there exists only one (respectively, relative)
canonical k−affine structure in it.
Evidently, any affine open subset U in X is contained in a canonical
k−affine Γ−structure if and only if it is contained in a relative canon-
ical k−affine Γ−structure. It follows that an algebraic k−scheme has
a unique canonical k−affine structure if and only if it has a unique
relative one.
Remark 3.14. Given an algebraic k−scheme (X,OX).
(i) Let Γ be the maximal pseudogroup of k−affine transformations
in (X,OX). Then A∗ (Γ) is a relative canonical k−affine Γ−structure,
called an intrinsic k−affine structure of (X,OX). Denote A∗ (Γ)
by AX .
(ii) A given algebraic k−scheme can have many intrinsic k−affine
structures. Conversely, a given intrinsic k−affine structures can be of
many algebraic k−schemes.
(iii) An intrinsic k−affine structure of a given algebraic k−scheme
affords us the definition how the k−affine charts (ie, the affine schemes)
are patched into the scheme.
Remark 3.15. To be precise, an algebraic scheme (X,OX) should be
defined by three types of data:
X, the underlying space;
OX , the sheaf on X;
A, an fixed intrinsic affine structure.
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Conversely, all these data X, OX , and A completely determines a
unique algebraic scheme, denoted by (X,OX ;A).
Remark 3.16. Let (X,OX) be an algebraic k−scheme defined in the
usual manner. Given an affine covering AX of (X,OX). Then AX is
an atlas on the underlying space X, which determines a unique intrinsic
k−affine structure A by (i) of Remark 3.14 above. That is, AX is a base
for A. In such a case, we will identify (X,OX ;AX) with (X,OX ;A).
Definition 3.17. An associate scheme of a given algebraic k−scheme
(X,OX) is an extension on the underlying space X of a canonical affine
structure or a relative one in (X,OX).
Remark 3.18. (i) Any algebraic k−scheme has an associate scheme.
In particular, it itself is an associate scheme of its own.
(ii) The associate schemes of a given algebraic k−scheme are all
isomorphic with each other.
3.5. Conjugations and Galois Closed Varieties. The discussion
in this subsection (cf Theorem 3.22 below) is a counterpart to that in
§3.3 (cf Theorem 3.6 above) as well.
Proposition 3.19. Let X and Y be integral k−varieties. Suppose that
X is Galois k−closed over Y by a morphism ϕ. Take any affine open
subset V of Y with ϕ(X)
⋂
V 6= ∅.
Then every affine open set U ⊆ ϕ−1(V ) of X has a complete set of
V−conjugations in X, and such a complete set is absolutely complete;
moreover, OX is the unique structure sheaf on the underlying space X
with such a property.
Proof. Let U0 be an open subset of X . It is easily seen that U0 is an
affine open subset in X if and only if there is an intrinsic k−affine
structure of X containing U0 as a k−affine chart. It follows that there
is some reduced affine covering of X containing U0. Obviously, every
reduced affine covering of X determines a unique intrinsic k−affine
structure of X .
Now take any affine open set V of Y with ϕ(X)
⋂
V 6= ∅. Let
U ⊆ ϕ−1(V ) be an affine open subset of X .
(i) Prove that there is a reduced affine covering A∞ of X such that
each conjugation of U over V is affinely realized by some affine open
set contained in A∞. We will proceed in two steps.
Step 1. Fixed any intrinsic k−affine structure of X an intrinsic
k−affine structure A of X containing U as a k−affine chart. Then
there exists a reduced affine covering AX of X that determines A.
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Assume that H is a conjugation of Fr(OX(U)) over Fr
(
ϕ♯(OY (V ))
)
such that H can not be affinely realized in X by any affine open subset
contained in AX .
As X is an integral scheme, there is an affine open subset W con-
tained in U such that
Fr(OX(W )) ∼= Fr(OX(U)) ∼= H.
Let σ be an isomorphism of Fr(OX(W )) onto H . Put
B = OX(W ) and A = σ(B).
It is seen that Fr(A) = H holds.
We have isomorphisms
ϕ : (W,OW ) ∼=
(
SpecB, B˜
)
and
δ :
(
SpecB, B˜
) ∼= (SpecA, A˜)
where δ is induced from the isomorphism σ : B → A of k−algebras.
It follows that there is a reduced affine covering BX of X such that
BX = AX
⋃
{(WH , ψH)}
with (WH , ψH) = (W, δ ◦ φ).
Hence, for each conjugation H of Fr(OX(U)) over Fr
(
ϕ♯(OY (V ))
)
there is a reduced affine covering BH such thatH can be affinely realized
by an affine open set UH contained in BH . In particular, each UH is
contained in ψ−1(V ).
Moreover, given any two conjugations H1 6= H2 of Fr(OX(U)) over
Fr
(
ϕ♯(OY (V ))
)
. There are affine open sets UH1 6= UH2 contained in
some reduced affine covering BH1,2 of X such that H1 and H2 can be
affinely realized by UH1 and UH2 respectively.
Step 2. Fixed a reduced affine covering AX = {(Uα, φα)} of X .
Let
B∗ =
⋃
H
{(UH , φH)}
where H runs through all conjugations of Fr(OX(U)) over the field
Fr
(
ϕ♯(OY (V ))
)
, and (UH , φH) is contained in a reduced affine covering
of X such that H is affinely realized in X by UH .
Put
A∗X = {(Uα, φα) : Uα = UH holds for some (UH , φH) ∈ B∗}.
Then we obtain a reduced affine covering
A∞ = (AX \ A∗X)
⋃
B∗
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such that every conjugation of U over V is affinely realized in X by
some affine open set contained in A∞.
This proves that the affine open set U ⊆ ϕ−1(V ) of X has a complete
set of V−conjugations in X .
By replacing k (X) by k (X), it is seen that such a complete set is
absolutely complete. In deed, it automatically holds that such a set is
absolutely complete for integral schemes.
(ii) Now prove the uniqueness of the structure sheaf OX . Let B∞ be
the k−affine structure on the underlying space X determined by A∞.
Then B∞ is admissible on the space X since the sheaf OX is an
extension of B.
Take any extension F of B∞ on the space X. From Remark 3.11 it
is seen that the scheme (X,F) is isomorphic to the scheme (X,OX),
and it follows that (X,F) is a k−conjugate of (X,OX) over Y .
Hence, we have (X,F) = (X,OX) since X is Galois k−closed over
Y . This proves F = OX . 
Theorem 3.20. Let X and Y be integral k−varieties and let X be
Galois k−closed over Y by a surjective morphism ϕ of finite type.
Then each conjugation in k (X) of k (X) over ϕ♯(k(Y )) is contained
in k (X).
Proof. Hypothesize there is a conjugation H in k (X) of k (X) over
ϕ♯(k(Y )) is not contained in k (X). Suppose u0 ∈ H \ k (X).
Let σ : H → k (X) be an isomorphism over ϕ♯(k(Y )). Put
v0 = σ (u0) .
Prove that there are affine open subsets V of Y and U ⊆ ϕ−1 (V ) of
X such that v0 ∈ OX (U).
In fact, let ξ and η be the generic points of X and Y , respectively.
We have
ϕ(ξ) = η,OX,ξ = Fr(OX,ξ), and OY,η = Fr(OY,η).
Then
v0 ∈ OX,ξ
and
OX,ξ = lim
−→
W
OX (W )
hold, where W runs through all open sets in X . It follows that there
is some open W1 of X such that v0 belongs to OX(W1).
It is clear that there are affine open subsets Vα (with α ∈ Γ) of Y
such that ⋃
α∈Γ
Vα ⊇ ϕ (W1) .
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Let Vα0 be the affine open subset such that
Vα0
⋂
ϕ(W1) 6= ∅.
Then
ϕ−1(Vα0)
⋂
W1 6= ∅,
which is an open subset of X .
Now take an affine open subset Wα0 of X such that
Wα0 ⊆ ϕ−1(Vα0)
⋂
W1.
It is seen that v0 is contained in OX(Wα0) from the given injective
homomorphism
OX(W1) −→ OX(Wα0).
Hence, we obtain affine open subsets
V = Vα0
of Y and
U = Wα0 ⊆ ϕ−1 (V )
of X such that
v0 ∈ OX (U) .
By Proposition 3.19 it is seen that U has an absolutely complete
set of V−conjugations in X and that OX is the unique structure sheaf
with that property, and it follows that H can be affinely realized in X
by an affine open set U ′. Then we have
u0 ∈ H = Fr (OX (U ′)) ∼= Fr (OX (U)) ∋ v0.
Hence, u0 is contained in k (X), which is in contradiction to the
above hypothesis that u0 /∈ k(X). This completes the proof. 
Corollary 3.21. Let X and Y be integral k−varieties and let X be
Galois k−closed over Y by a surjective morphism ϕ. Then k (X) is a
complete extension over ϕ♯(k (Y )).
Proof. It is immediate from Theorems 3.6 and 3.20. 
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3.6. Proof of The Main Theorem. Now we are ready to prove the
main theorem of the paper, Theorem 2.1 in §2.
Proof. It is immediate that k (X) /φ♯(k(Y )) is a Galois extension by
Theorem 3.6 and Corollary 3.21.
It is easily seen that k(X) is the set of all the elements of the forms
(U, f)
with U an open set of X and f an element of OX(U). That is, k(X) is
the field of rational functions on X . Here we identify OX(U) with its
image in k(X) since the homomorphism
OX(U) −→ k(X)
of rings is injective for every open subset U of X . Let ξ be the generic
point of x.
In the following we prove that there is a group isomorphism
Autk (X/Y ) ∼= Gal(k (X) /φ♯(k(Y ))).
We will proceed in several steps.
Step 1. Take any
σ =
(
σ, σ♯
) ∈ Autk (X/Y ) .
That is,
σ : X −→ X
is a homeomorphism, and
σ♯ : OX → σ∗OX
is an isomorphism of sheaves of rings on X . It follows that
σ♯ : k (X) = OX,ξ → σ∗OX,ξ = k (X)
is an automorphism of k(X). Let σ♯−1 be the inverse of σ♯.
Fixed any open subset U of X . We have the restriction
σ = (σ, σ♯) : (U,OX |U) −→ (σ(U),OX |σ(U))
of open subschemes. In particular,
σ♯ : OX |σ(U) → σ∗OX |σ(U)
is an isomorphism of sheaves. For every f ∈ OX |U(U), there is
f ∈ σ∗OX |σ(U)(σ(U)),
and hence
σ♯−1(f) ∈ OX(σ(U)).
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Define a mapping
t : Autk (X/Y ) −→ Gal
(
k (X) /φ♯(k (Y ))
)
of sets by
σ 7−→ t(σ) = 〈σ, σ♯−1〉
such that 〈
σ, σ♯−1
〉
: (U, f) 7−→ (σ (U) , σ♯−1 (f))
is the mapping of k(X) into k(X) induced by σ ∈ Autk (X/Y ).
Step 2. Prove that t is well-defined. In deed, given any
σ =
(
σ, σ♯
) ∈ Autk (X/Y ) .
For any (U, f), (V, g) ∈ k(X), we have
(U, f) + (V, g) = (U ∩ V, f + g)
and
(U, f) · (V, g) = (U ∩ V, f · g).
Then we have〈
σ, σ♯−1
〉
((U, f) + (V, g))
=
〈
σ, σ♯−1
〉
((U ∩ V, f + g))
= (σ(U ∩ V ), σ♯−1(f + g))
= (σ(U ∩ V ), σ♯−1(f)) + (σ(U ∩ V ), σ♯−1(g))
= (σ(U), σ♯−1(f)) + (σ(V ), σ♯−1(g))
=
〈
σ, σ♯−1
〉
((U, f)) +
〈
σ, σ♯−1
〉
((V, g)).
and 〈
σ, σ♯−1
〉
((U, f) · (V, g))
=
〈
σ, σ♯−1
〉
((U ∩ V, f · g))
= (σ(U ∩ V ), σ♯−1(f · g))
= (σ(U ∩ V ), σ♯−1(f)) · (σ(U ∩ V ), σ♯−1(g))
= (σ(U), σ♯−1(f)) · (σ(V ), σ♯−1(g))
=
〈
σ, σ♯−1
〉
((U, f)) · 〈σ, σ♯−1〉 ((V, g)).
It follows that
〈
σ, σ♯−1
〉
is an automorphism of k (X) .
Consider the given morphism φ = (φ, φ♯) : (X,OX) → (Y,OY ) of
schemes. By Proposition 3.4 it is seen that φ(ξ) is the generic point of Y
and that ξ is an invariant point of each automorphism σ ∈ Autk (X/Y ).
Then σ♯ : OX,ξ → OX,ξ is an isomorphism of rings.
On the other hand, it is seen that σ♯ is an isomorphism over φ♯(k(Y ))
since OX,ξ is an algebra over φ♯(OY,φ(ξ)) and σ♯ is an automorphism of
OX,ξ over φ♯(OY,φ(ξ)).
Hence, 〈
σ, σ♯−1
〉 ∈ Gal (k (X) /φ♯(k (Y ))).
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Now take any
σ =
(
σ, σ♯
)
, δ =
(
δ, δ♯
) ∈ Autk (X/Y ) .
We have 〈
δ, δ♯−1
〉 ◦ 〈σ, σ♯−1〉 = 〈δ ◦ σ, δ♯−1 ◦ σ♯−1〉
since
δ♯−1 ◦ σ♯−1 = (δ ◦ σ)♯−1
holds.
Hence,
t : Autk (X/Y )→ Gal
(
k (X) /φ♯ (k (Y ))
)
is a homomorphism of groups.
Step 3. Prove that t is surjective. In fact, given any element ρ of the
group Gal
(
k (X) /φ♯ (k (Y ))
)
. We have
ρ : (Uf , f) ∈ k (X) 7−→
(
Uρ(f), ρ (f)
) ∈ k (X) ,
where Uf and Uρ(f) are open subsets in X such that f ∈ OX(Uf ) and
ρ(f) ∈ OX(Uρ(f)).
Fixed any k−affine structure A on X . Let (U, ϕ) ∈ A be a k−affine
chart with ϕ (U) = SpecAU . We have
AU ∼= OX(U) = {(Uf , f) ∈ k (X) : Uf ⊇ U}.
Put
BU = {
(
Uρ(f), ρ (f)
) ∈ k (X) : Uρ(f) ⊇ U}.
We have BU ⊆ OX(U). As ρ is surjective, each element (Wg, g) in
OX(U) is the image of some element (Vh, h) in k(X) under ρ; then
BU ⊇ OX(U), and hence BU = OX(U). This proves
AU ∼= BU
and
ρ(OX(U)) = OX(ρ(U)).
It is seen that there is a unique isomorphism
λU =
(
λU , λ
♯
U
)
: (U,OX |U)→ (U,OX |ρ(U))
of the affine open subscheme in X such that
ρ|OX(U) = λ♯−1U : OX(U)→ OX(ρ(U)).
Now we show that there is an automorphism λ of scheme X such
that
λ|U = λU
holds for each affine open subscheme U of X .
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In fact, take any affine open subsets U and V of X . As morphisms
of schemes, it is seen that
λU |U∩V = λV |U∩V
holds since we have
ρ|OX(U∩V ) = λU |♯−1U∩V : OX(U ∩ V )→ OX(ρ(U ∩ V ))
and
ρ|OX(U∩V ) = λV |♯−1U∩V : OX(U ∩ V )→ OX(ρ(U ∩ V ))
by the above construction for each λU .
Let U and V be any affine open subsets of X . It is seen that for any
points x, y ∈ X there is
λU(x) = λV (y)
if and only if
x, y ∈ U ∩ V
holds. In deed, take an affine open subset W of X with z = λU(x) ∈
W . If x can not be contained in V , we will have affine open subsets
x ∈ U0 ⊆ U , y ∈ V0 ⊆ V , and z ∈ W0 ⊆ W which are isomorphic to
each other as schemes such that
λU(U0) = W0 = λV (V0)
and that
V0 6∋ x ∈ U0, y ∈ V0, and z ∈ W0;
then there will be f0 ∈ OX(U0), g0 ∈ OX(V0), and h0 ∈ OX(W0) such
that
ρ ((U0, f0)) = (W0, h0) = ρ ((V0, g0))
but
(U0, f0) 6= (V0, g0),
which is in contradiction to the assumption that ρ is an isomorphism.
Then we have a homeomorphism λ of X onto X as a topological
space defined in an evident manner that
λ : x ∈ X 7→ λU(x) ∈ X
if x is contained in an affine open subset U of X . The mapping λ is
well-defined since all affine open subsets of X constitute a base for the
topology on X . Hence, we obtain an isomorphism λ ∈ Autk (X) .
We show that λ ∈ Autk (X/Y ) holds with t (λ) = ρ. In deed, as ρ is
an isomorphism of k(X) over φ♯ (k(Y )), it is seen that the isomorphism
λU is over Y by φ for any affine open subset U of X ; then λ is an
automorphism of X over Y by φ. It is immediate that t (λ) = ρ holds.
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This proves that there exists λ ∈ Autk (X/Y ) such that t(λ) = ρ for
each ρ ∈ Gal (k (X) /φ♯ (k (Y ))). So, t is a surjection.
Step 4. Prove that t is injective. Assume σ, σ′ ∈ Autk (X/Y ) such
that t (σ) = t (σ′) . There is(
σ (U) , σ♯−1 (f)
)
=
(
σ′ (U) , σ′♯−1 (f)
)
for any (U, f) ∈ k (X) . In particular, we have(
σ (U0) , σ
♯−1 (f)
)
=
(
σ′ (U0) , σ
′♯−1 (f)
)
for each affine open subset U0 of X such that
σ (U0) = σ
′ (U0) ⊆ σ (U) ∩ σ′ (U)
with f ∈ OX(U0); then σ|U0 = σ′|U0 holds as isomorphisms of schemes.
Hence, we have σ = σ′. This proves that t is an injection.
At last we obtain an isomorphism
t : Autk (X/Y ) ∼= Gal
(
k (X) /φ♯ (k (Y ))
)
of groups. This completes the proof. 
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